High-order averaging schemes with error bounds for thermodynamical properties calculations by MD simulations by Cancès, Eric et al.
High-order averaging schemes with error bounds for
thermodynamical properties calculations by MD
simulations
Eric Cance`s, Franc¸ois Castella, Philippe Chartier, Erwan Faou, Claude Le
Bris, Fre´de´ric Legoll, Gabriel Turinici
To cite this version:
Eric Cance`s, Franc¸ois Castella, Philippe Chartier, Erwan Faou, Claude Le Bris, et al.. High-
order averaging schemes with error bounds for thermodynamical properties calculations by MD
simulations. [Research Report] RR-4875, INRIA. 2003. <inria-00071708>
HAL Id: inria-00071708
https://hal.inria.fr/inria-00071708
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de





























ap por t  

de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
High-order averaging schemes with error bounds for
thermodynamical properties calculations by MD
simulations
Eric Cancès — François Castella — Philippe Chartier — Erwan Faou — Claude Le Bris —
Frédéric Legoll — Gabriel Turinici
N° 4875
Juillet 2003
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)








































































































  ﬁﬂ,	$$ﬃ31 46	)0 31 n*31n)3  ﬁﬂ	/ﬃﬃ!ﬃ
/*ﬁﬂa)=ﬁﬂ	3	ﬃ2)3¼

 ¯  ´ }QŁz|i  }
z|Ł
Ł  uBŁ¸¹itf}s~|uBŁ    u~|u·Qi}s~|u0~|}s~  uVt8-iussugŁŁ-¶
z|ŁzK}suBŁ
z  uŁz|t*}s~-zi

















Ł  issQŁ  uBŁOuBŁz|t8uB}sŁ ﬀ uBu}s
K}sz¬i}sz  uK»~|u#qsz  uBŁ»




ﬃg1zŁz|  s"u  u>~ftszrBu>~as~}QŁﬃu1ÄVi1u>IiŁŁz|ºs~|u½
# Î °g¯ Ì ³%$  ¯¿´ o{
t8zi}
u0t8~B}s~|zuÀOB~1}s~  ut8-uBssuBŁaŁ-z|ŁzK}suBŁBÀOŁ#q&tŁ    u
B~uB·%>I}sﬃ~|u~1}
~  u>t8-u
suBŁBÀuBŁz|t-z|  uuB}sgÀiq&irBt8u»uB¬i  zK}su
 












































ŁzFÅ¹Áﬃqsz#q  uIu  Łz #ŁuB~ ¸$¸7qsu»qsuBt8  {
tazou
Łutfºs~u




u»qQ  ÀQ  i~ug1}s~ﬃoKQt8z|BŁÅÆ_>Èi0qsuqsuﬃqQ  ½.æq
u~|uBiŁuiÀ{qsu
zt8uau·i~|}z|(¸Oqsuft8z1iŁ1isz|fŁŁuBt z|Ł>Łztf}s~|u  Å¹IiŁŁzºs~|_1i}ss~|u  Áﬃz q(º
-qÐÀÐŁ}Q#q


















































































































































































v    ﬁ
	 -"&  44H   "&67 	 	+  " 	   	44
ﬀﬃ+" 7ﬁ 















Áﬃqsz|#q_BºIuugiŁŁ! t8z|~ sz  {
t8z|B~ÐŁ{ŁuBt½ﬂ -Á2u·iugÀsŁz|t8z~ugŁ}s~Ł
ua~|zH=iu~|qs~  Áﬃz qsz qsuBu
Łutfºs~ugŁÀÓ
-·{z  u  q
qsu8}s  u~{z|s¬  {
t8z~.ŁŁut




















t8uBizisu  ºQ-·iu  Łu1*z|¿x{ug½_¨½pqsu0qsuBzKzuV  t8qsuBt-z~~|  ut  zs¬

{¸I¸QqszŁ.uBŁz|t-uBaºQuﬃuB  z|>1t8
sz|fz|~u :Ý¥-<Z½ µ uﬃs-·{z  u2z|xuBŁB½ªs½|«2  ªs½Ý¨
{}st8uBz~Ðu1st8s~|uBŁzKu¬#º
~uŁŁutŁqQ-oŁqs-Á q
}souBŁz|t-uzŁz|  uBu  Łq
Ð½$¸
}s#ŁuÀP·uBo¸¹uÁ¿¸sqsu2ŁŁutŁﬀ}













i}s¬q _}sQ-u  Ðu





































































































































z|ŁqsuVz|KuBi¼z| IuKz~DÀ$  '   ) us#-z|QŁ>¸¹
(
'



















































































1u»qsuusuB¬iz|ŁsugŁuB·iu  ºKVqsu  {










 3M × 
 3M Ł}
#q0q






















































































































































































































%    ﬁ




































































α[0,T ] : t ∈

 7→ 1/T z¸ t ∈ [0, T ], 0 qsuBÁﬃzŁu .
pq
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C(k,N − 1, j) zŁnqsu>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b1 = 1/(2− 21/3)   b0 = 1− 2b1 ½
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c1 = −1.17767998417887 À c2 = 0.235573213359357 À c3 = 0.784513610477560  
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 = (0.9, 0, 0)
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C1(k = 1) ≈ 0.6, C1(k = 2) ≈ 14.4, C1(k = 3) ≈ 212,





























































































































 = (0.9, 0, 0)
ﬃ9
= (0, 1.1, 0.5)
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V (z) = VLJ (z)−VLJ(zc)−V ′LJ(zc)(z−zc)
z ¸
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+ V (qx, qy),
Áﬃq
uu
V (qx, qy) = (q
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E0 cos(θ), qy =
√
E0 (sin(θ) cos(φ)− cos(θ)),
px =
√
2E0 sin(θ) sin(φ) cos(ψ), py =
√
2E0 sin(θ) sin(φ) sin(ψ),
Å«B©iÈ
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1) = (−1, 0.5; 0.5, −0.5) $ (  2,

2) =
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, θ) ∈ B ×  3M 7→ ( ' , ) ) ∈ B′ ⊂ 
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∀α ∈  3M \ {0}, | α · ω( ² 0) | ≥ C0| α |γ0 ,
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